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Random-eld Ising model on omplete graphs and trees
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∗
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Dept. of Physis & Astronomy and Center for Fundamental Materials Researh,
Mihigan State University, East Lansing, MI 48824, USA
We present exat results for the ritial behavior of the RFIM on omplete graphs and trees, both
at equilibrium and away from equilibrium, i.e., models for hysteresis and Barkhausen noise. We
show that for strethed exponential and power law distributions of random elds the behavior on
omplete graphs is non-universal, while the behavior on Cayley trees is universal even in the limit
of large o-ordination.
The entral issue in the equilibrium random eld Ising
model(RFIM) is the nature of the phase transition from
the ferromagneti state at weak disorder to the frozen
paramagneti state at high disorder. The existene and
universality lass of the RFIM transition, is key as the
best experimental tests of RFIM theory are diluted an-
tiferromagnets in a eld, whih are believed to be in the
same universality lass as the RFIM [1℄. After some on-
troversy it was rigorously demonstrated that the RFIM
transition ours at a nite width of the distribution in
three dimensions [2℄ and at an innitesimal width in one
and two dimensions. Moreover, Aharony [3℄ showed that
within mean eld theory at low temperatures, the tran-
sition is rst order for bimodal disorder distributions but
seond order for unimodal distributions. Numerial stud-
ies at zero temperature suggest that in four dimensions
the bimodal ase is rst order and the Gaussian ase is
seond order. The analysis in three dimensions is less
onlusive [4℄. The dierene between the Gaussian and
bimodal ases has been attributed to perolative eets
[5℄. We have reently shown that at zero temperature,
the mean-eld theory is non-universal [6℄ in the sense
that the order parameter exponent may vary ontinu-
ously with the disorder. Exat optimization alulations
[7, 8℄ in three dimensions have also suggested that the
orrelation length exponent, as dedued from nite size
saling, is non-universal [9℄.
Motivated by the fat that the RFIM is non-universal
within mean-eld theory for the strethed exponential
distribution, we have analyzed the the RFIM on omplete
graphs with disorder distribution, (δh/|h|)x (0 < x < 1,
|h| < δh). We nd that this distribution is anomalous
in the sense that this sort of disorder never destroys the
spontaneously magnetized state, at least within mean-
eld theory. The behavior of the RFIM on omplete
graphs is thus quite varied and anomalous. To deter-
mine whether this non-universality extends to other lat-
ties, we have analyzed the zero temperature RFIM on a
Bethe lattie for the strethed exponential and power law
distributions of disorder. We prove that the Bethe lat-
tie is universal, provided the transition is seond order,
even in the limit of large o-ordination. This is surpris-
ing sine in this limit the Bethe lattie usually approahes
the mean-eld limit.
We also extend the results outlined above to the non-
equilibrium ase. Ground state alulations of hysteresis
and Barkhausen noise in the RFIM have demonstrated
that the spin avalanhes are ontrolled by the equilib-
rium RFIM ritial point [10, 11℄. It is thus not surpris-
ing, and we onrm, that the magnetization jump in the
hysteresis loop is non-universal for the strethed expo-
nential disorder distribution. The integrated avalanhe
distribution also has a non-universal exponent due to the
non-universality of the order parameter. But the dier-
ential" mean-eld avalanhe exponent is universal even
in ases where the order parameter exponent is not. In
ontrast, as expeted from the equilibrium results, the
Bethe lattie exhibits universal non-equilibrium ritial
behavior.
The Hamiltonian of the random-eld Ising model is,
H = −
∑
ij
JijSiSj −
∑
i
(H + hi)Si, (1)
where the exhange is ferromagneti (Jij > 0) and the
elds hi are random and unorrelated. In the non-
equilibrium problem we sweep the applied uniform eld,
H , from −∞ to ∞ and monitor the magnetization at a
xed Jij = J and for a xed disorder onguration {hi}.
This model has been proposed as a model for Barkhausen
noise by Dahmen et al. [10℄. The loal eetive eld re-
sponsible for a spin-ip is
heffi = J
∑
j 6=i
Sj + hi +H (2)
The ondition for a spin to ip is that heffi > 0. The ran-
dom elds are drawn from a speied distribution ρ(h).
To test universality, we use the following distributions
whih are dened on the interval -δh ≤ h ≤ δh,
ρ1(h) =
y + 1
2y δh
[
1−
(
|h|
δh
)y]
0 < y <∞ (3)
and
ρ2(h) =
y + 1
2 δh
(
|h|
δh
)y
− 1 < y <∞ (4)
We have shown that ρ1, whih is the low eld expansion
of a strethed exponential disorder distribution, leads to
2non-universality in the ground state of the equilibrium
mean-eld RFIM [6℄. Here we extend that result to the
non-equilibrium ase. We then show that the distribu-
tion ρ2 destroys the RFIM phase transition, in mean-eld
theory and on trees, for −1 < y < 0.
First we disuss the behavior of the ground state of the
zero-temperature, mean-eld RFIM. The magnetization
is given by
m = −
∫ hc(m)
−∞
ρ(h)dh+
∫ ∞
hc(m)
ρ(h)dh (5)
were hc(m) = −Jm−H . The energy at a given magne-
tization is
E(m) =
Jm2
2
−
∫ ∞
−∞
|h|ρ(h)dh+ 2
∫ hc
0
hρ(h)dh. (6)
Extremizing with respet to the order parameter, m,
yields the ground-state mean-eld equation,
me = 2
∫ Jme+H
0
ρ(h)dh (7)
The non-equilibrium ritial points are found from the
suseptibility χ = ∂m/∂H , whih from (7) is given by,
χ =
2ρ(Jm+H)
1− 2Jρ(Jm+H)
(8)
The avalanhe distribution, d(s, t) that gives the proba-
bility of nding an avalanhe of size s at parameter value
t, is found using a Poisson statistis argument [10℄, whih
yields,
d(s, t) ∼ s−τe−t
2s = s−τg(sσt), (9)
where g(x) is a saling funtion and t = 1− 2Jρ(Jme +
H). Experimentally, it is more natural to make a his-
togram of all avalanhes up to the ritial applied eld at
whih the magnetization hanges sign. This integrated"
distribution behaves as,
D(s, δh) = s−τ−σβδg(sσr) (10)
where r = |δh− δhc|. For a Gaussian distribution of dis-
order, β = 1/2, σ = 1/2, τ = 3/2. We have shown, how-
ever, that in the ground state for the distribution (3), the
equilibrium order parameter exponent, β = 1/y. In on-
trast it is evident from Eq. (9) that the exponents σ and
τ are universal. The non-universality in non-equilibrium
behavior arises in the magnetization jump and in the
shape of the non-equilibrium phase boundary, as we now
demonstrate. Consider the distribution (3). Integrating
(7) yields the mean eld equations,
m =
y + 1
y
(Jm+H)−
1
y
|Jm+H |y+1 (11)
for Jm+H > 0, and
m =
y + 1
y
(Jm+H) +
1
y
|Jm+H |y+1 (12)
for Jm + H < 0. Here we have dened, J = J/δh,
H = H/δh. Setting H = 0 in either (11) or (12) yields
the equilibrium magnetization [6℄,
meq =
1
J
[y + 1]
1/y
[
1−
y
J(y + 1)
]1/y
(13)
At the ritial point, the magnetization sales with the
magneti eld as me(r = 0, H) ∼ H
1/δ
. From Eq. (12)
it is evident that δ = y + 1. The suseptibility χ =
∂m/∂H diverges when the barrier between the two loal
magnetization minima of the ground state energy eases
to exist. From (8), we have
χ =
(y + 1)[1− (Jm+H)y]
y − (y + 1)J [1− (Jm+H)y]
. (14)
and the ritial ondition
y = (y + 1)J [1− (Jmneq +Hc)
y]. (15)
This equation has the simple solution,
xc = Jmneq +Hc =
[
1−
y
J(y + 1)
]1/y
. (16)
Substituting (16) into (11), we nd that the non-
equilibrium magnetization jump is positive and has the
value
mneq =
[
1 +
1
J(y + 1)
] [
1−
y
J(y + 1)
]1/y
, (17)
for H → H+c . Substituting this into (16), the ritial
eld is found to be,
Hc = −J
[
1−
y δh
J(y + 1)
]1+1/y
. (18)
This negative ritial eld is expeted when starting
with the positive magnetized state. By symmetry, the
negative magnetization solution is at −Hc. The value
of the magnetization at that point is −mneq. Note that
|mneq| is not the size of the magnetization jump in the
hysteresis loop. The jump in magnetization in the hys-
teresis loop is δmhyst = |mneq|+m(|Hc|), where m(|Hc|)
is found by solving Eq. (12). The ritial exponent asso-
iated with the jump in magnetization is determined by
the behavior of the distribution ρ(h) at small elds, so
that the ritial exponents found here apply to distribu-
tions of the form ρ(h) = exp(−(|h|/H)y). For y < 1 these
are the strethed exponential distributions ubiquitous in
glasses, while for y > 2 they are more onentrated near
the origin.
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Figure 1: Top: The phase diagram of the non-equilibrium
RFIM MFT using the disorder distribution (3), and Bottom:
The magnetization jump at the phase boundary. In these
gures, we took the exhange onstant J = 1. The dotted
line is for y = 0.5 while the solid line is for y = 2. Note that
at the equilibrium ritial disorder, δhc, the hysteresis loop
disappears.
Now we briey onsider the distribution ρ2(h) given
in Eq. (4). For y > 0 this distribution is bimodal and
it is easy to onrm the onlusion of Aharony [3℄ that
the transition is rst order. However the ases −1 <
y < 0 are more interesting. In these ases the disorder is
dominated by small random elds, as the distribution is
singular at the origin. It is easy to arry out the mean-
eld alulation (7) with the result,
meq =
(
δh
J
)1+1/y
δh > J (19)
By omparing the energies of E(m = 0), E(m = 1)
and E(meq) (using Eq. (6)), we nd that for δh < J ,
the ground state is fully magnetized, while for δh > J
the ground state has magnetization (19). The interest-
ing feature of the result (19) is that there is no phase
transition at nite δh, and the system is always ordered.
The disorder distribution (4) thus destroys the ground
state phase transition, due to the large number of small
random elds.
Now we determine whether the non-universal results
found above for the mean-eld theory extend to the
ground state of the RFIM on a Cayley tree. The o-
ordination number of a tree is taken to be z, while the
probability that a spin is up is P+ and the probability
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Figure 2: Top The phase diagram for the non-equilibrium
RFIM on a Cayley tree with oordination number α = 3 using
the distribution (3) and taking the exhange onstant J = 1.
The dotted line is for y = 0.5 and solid line is for y = 2. The
initial, linear part, of the phase boundary is due to the nite
uto of the distribution (3). There is a disontinuity in slope
of Hc(δh) at the equilibrium ritial disorder δhc. Bottom
The magnetization jump for the RFIM on Cayley trees for
z = 4 and the distribution (3), with the exhange onstant
J = 1. The dotted line is for y = 0.5 while the solid line is
for y = 2. In both ases we nd the same ritial exponent,
for example β = 1/2. In ontrast, the mean-eld result is
β = 1/y.
that a spin is down is P−. The probability that a spin
is up at level l an be written in terms of the probabili-
ties at the level whih is one lower down in the tree, this
yields [12, 13℄
P+(l) =
α∑
g=0
(
α
g
)
P g+(l − 1)P
α−g
− (l − 1)a+(α, g) (20)
where a+(α, g) is the probability that the loal eetive
eld is positive when g neighbors are up. If we know the
distribution ρ(hi) we an ompute a+(α, g). Analyzing
the equilibrium behavior, we have,
aeq+ (α, g) =
∫ ∞
(α−2g)J−H
ρ(h)dh (21)
The equilibrium Cayley tree model has been extended
to the non-equilibrium ase by onsidering a growth prob-
lem in whih the spin above the urrently onsidered level
in the tree is pinned in the down position [13, 14℄. This
4models the growth of a domain. The formalism is the
same as in Eq. (20), with the modiation that
aneq+ (α, g) = a
eq
+ (z, g). (22)
From this equality and the form (20) it is easy to derive
all of the non-equilibrium results from the equilibrium re-
sults found using Eqs. (20) and (21). To nd the hystere-
sis urve on a Cayley tree, we just shift the equilibrium
magnetization as a funtion of eld: by H → H−J when
sweeping from large positive elds and; by H → H + J
when sweeping from large negative elds. The behavior
is evident in previous numerial work, but does not seem
to have been notied before.
By diret iteration of the reurrene relation (20) we
show that a stable steady state solution, P ∗+ = 1 − P
∗
−,
exists. It is easy to solve equation (20) in the steady state
limit, at least for small values of α. For α = 1, 2 Cay-
ley trees have no ordered state for any nite δh, for the
disorder distribution (3). But for α = 3 a ferromagneti
state does exist for a range of disorder. As we see from
Eq. (20), the α = 3 ase leads to a polynomial of order 3
whih an be simplied to,
m
4
[m2(1 − 3b+ a)− 1 + 3a+ 3b] = 0 (23)
were m = 2(P ∗+ − 1/2), a = a
eq
+ (3, 0) and b = a
eq
+ (3, 1).
Eq. (23) has the following solutions:
m = 0; and m = ±
(
3a+ 3b− 1
3b− 1− a
)1/2
. (24)
These solutions apply for any disorder distribution. For
the distribution ρ1(h), performing the integrals yields,
m =
[
4y − 12(y + 1)J + 3(3y+1 + 1)J
y+1
3(1− 3y)J
y+1
]1/2
(25)
We an now expand the magnetization around the ritial
point, Jc, J = Jc − ǫ. We nd,
m ∼
[
(−12(y + 1) + 3
(
y + 1
y
)
(1 + 3y+1)J
y
)ǫ
]1/2
(26)
Thus m ∼ ǫ1/2 for any y, so that β = 1/2 is universal.
Sine the non-equilibrium behavior on trees is related to
that of the equilibrium behavior in suh a simple manner,
this universality extends to the hysteresis and avalanhe
exponents. It is easy to onrm numerially that the be-
havior extends to large values of the branh o-ordination
number α. Moreover by doing an expansion of (20) using
P+ = 1/2+m, it is possible to show analytially that only
the rst and third order terms in m exist, regardless of
the value of y in the disorder distribution (3). This on-
rms that for this distribution, the behavior is universal
for all oordination numbers.
For the distribution ρ2(h) and α = 3 we get from
Eq. (24)
m =
[
4− 3(3y+1 + 1)J
y+1
3(3y − 1)J
y+1
]1/2
. (27)
Just like we have done before we an expand m around
the ritial point, J = Jc − ǫ:
m ∼
[(
y + 1
y
)
(3y+1 + 1))Jc
y
ǫ
]1/2
.
Thus for ρ2 β = 1/2 is a universal exponent, too.
In summary, on omplete graphs (i.e. in mean-eld
theory) the RFIM at T = 0 is non-universal. In partiu-
lar, the strethed exponential disorder distribution leads
to a non-universal order parameter exponent and non-
universal integrated avalanhe exponent. In addition, the
power law distribution has a regime in whih a predomi-
nane of small random elds destroys the transition and
the RFIM always has a nite magnetization. In ontrast
the Cayley tree does not show either of these behaviors.
Even in the limit of large oordination it is universal,
with the usual mean-eld order-parameter exponent 1/2.
We have arried out some preliminary numerial studies
of the behavior in three dimensions (with short range in-
terations) and nd that the power law distribution of
random elds does not destroy the transition. Moreover,
the exeedingly small value of β in three dimensions ren-
ders any non-universality in β a moot point. However the
behavior in dimensions higher than three, or for longer
range interations in three dimensions ould be more in-
teresting. Finally, even for short range interations in
three dimensions, there have been suggestions of non-
universality in the nite size saling behavior [9℄. It is
unlear, as yet, whether that behavior is related to the
non-universality seen here.
This work has been supported by the DOE under on-
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